A procedure has been developed for simulating progressive damage in composite laminates using a combination of an accurate stress analysis technique and a quasicontinuum approximation of the damaged material. An improved laminate theory incorporating a layerwise deformation field has been used to model the composite laminate. State variable constitutive equations originally developed for polymeric materials have been modified in order to accurately account for the effects of damage on the nonlinear strain rate dependent deformation of polymer matrix composites. The present research effort takes a phenomenological (known as continuum damage mechanics or CDM) approach to model damage at the micromechanical level (in the matrix). The effective stiffness or compliance of the damaged solid is defined in terms of the actual damage state represented by a properly selected damage variable. The finite element model for nonlinear analysis of laminated shells is coupled with the micromechanics-based mechanistic model for modelling the initiation and evolution of damage and for predicting the effective composite properties. 
I. Introduction
P OSSIBLY the most important consideration in predicting the performance of new composite structural design concepts is the prediction of the initiation and the evolution of damage. Composite structures contain inherent stress concentrations caused by material heterogeneity. These stress concentrations may be relieved by creep and stress relaxation in the matrix or by the propagation of micromechanical damage. This may lead to a severe reduction in load carrying capability and can often result in structural failure. Hence progressive damage analysis is an important element in the design and analysis of laminated composite structures.
With respect to their scale, progressive damage models may be referred to the micro-scale (micromechanics), in which the material structure is piecewise discontinuous and heterogeneous and the lamina stresses predicted by a global laminate analysis are applied to the micro-model to compute the micromechanical stresses in each constituent of the composite at every point of the structure, and the macro-scale [1] [2] [3] [4] [5] (continuum mechanics), in which the actual heterogeneous material is approximated an equivalent homogenized continuum by the use of the couples of effective state variables, e.g., ( ) , , in the state and dissipation potentials in lieu of the classical state variables, ( ) , , representing strain and stress tensors for the idealized (homogenized) and the actual heterogeneous solid, respectively.
In the present work, progressive damage analysis of laminated composites is performed using a micromechanical model. A state variable constitutive formulation 6 for characterizing the nonlinear, strain rate dependent deformation of polymeric materials has been modified in order to accurately account for the effects of damage on their mechanical behaviour. The revised polymer constitutive equations have been incorporated into a classical solid mechanics based micromechanics model 3 to predict damage and the consistent reduction of effective composite properties during the various phases of its evolution in time. A finite element program based on a refined layerwise theory 7, 8 is used in the laminate analysis. A macro-micro approach is used to relate the lamina stresses predicted by the global laminate analysis to the micromechanical stresses in each constituent of the composite. The laminate theory, the progressive damage algorithm, and the micromechanical model used in the present study are described in the following sections. Numerical examples are presented in the final section.
II. Methodology

A. Equations of Motion
The construction of a model for composite laminates starts with the formulation of the constitutive relations. A refined layerwise laminate theory developed by Kim et. al. 7, 8 is used to model the mechanical displacement field. Orthotropic composite plates with various thicknesses and ply stacking sequences are considered. The coordinate system for the plate is taken to be with the x-y plane parallel to the plane of the plate and the z coordinate normal to the plane of the plate measured from the centre of thickness (Fig. 1) . The theory starts with a general first order displacement field superposed by layerwise functions. To account for the presence of delaminations, the assumed displacement field is supplemented with Heaviside unit step functions, which allow the introduction of independent displacement fields above and below the layers. The refined displacement field takes the following form
Note that perfectly bonded interfaces can be easily simulated by setting 
In Eq. (1) . It must be noted that the number of unknowns is independent of the number of plies, but depends on the number of delaminations. The finite element implementation of the refined layerwise theory is described in detail in reference 4. Natural frequencies and mode shapes computed for composite plates with and without delamination have shown excellent correlation with experimental results.
B. Polymer Constitutive Relations
The present unified formulation, derived from the principles of thermodynamics, assumes the same potential to describe both the plastic dissipation and the damage dissipation. In other words, in this model, it is supposed that damage cannot initiate without plastic deformation. A Drucker-Prager-type yield function governs the plastic dissipation and may be written as ( )
where, where, the classical effective stress concept has been used,
The scalar damage variable D represents the actual continuum damage state, the evolution of which is governed by the variation of the elastic strain energy. The fully coupled plastic potential may be written as
where, the damage evolution potential 
For elastic strain the anisotropic elasticity law coupled with isotropic damage is assumed ( )
Hence, applying Eq. (7) the elastic strain energy density is furnished: In general, a model based on anisotropic elasticity coupled with isotropic damage is not consistent. So, confining the formulation to the isotropic elasticity law is applied together with the dissipative potential (equation (5)) and the cumulative plastic strain rate (Eq. (18)) and following a similar format to the Bodner-Partom model, the following state equations are furnished: 
C. Micromechanics Model
There is a large difference in the mechanical properties of the constituents of a fibre-reinforced composite material. Both this and their geometric arrangement result in a very complex local state of stress in a fibre-reinforced composite material. The more accurate numerical laminate models based on micromechanics can often be computationally expensive. And given the divergence between response time requirements and computational time requirements, there is a need to reduce the time required to determine the stresses in each phase of the material without any loss of accuracy. These criteria are met by the model developed by Goldberg 9 , in which a unit cell, the smallest material unit for which the response can be considered as representative of the entire lamina, is divided up into an arbitrary number of horizontal rectangular slices. And then a simplified classical solid mechanics approach is applied within each slice to obtain the effective elastic constants and microstresses.
The solution of Goldberg, henceforth called the micromechanical model, is accurate, provided certain assumptions are satisfied. These assumptions are (see Fig. 2 and Fig. 3 ) where Q i are the effective stiffness matrix terms and the various iI are collections of the inelastic strain terms 9 .Complete details of the solution are given elsewhere (see Goldberg 2001) . The resulting micromechanical model provides point-wise stresses in all phases of the composite under general mechanical loading and predicts composite elastic properties from knowledge of the individual constituents.
In order to relate the state of stress at a point in a lamina to the state of stress in each constituent of the material, the rigorous conditions under which the micromechanical model is exact must be relaxed, and a new set of conditions must be assumed to exist under which the micromechanical model predicts the state of stress in a typical fibre and its surrounding matrix. This relaxed set of conditions is as follows: the total strains applied to the unit cell and the inelastic strains in each slice are assumed to be known. All slices are assumed to be in a plane stress state, i.e., only in-plane strains and stresses are considered. Each slice then is separated into two sub-slices, one composed of fibre material and the other composed of matrix material. Along the fibre direction (direction 1), the strains are assumed to be equal in each sub-slice of the slice, and the stresses are combined using volume averaging. The inplane transverse normal stresses (direction 2) and in-plane shear stresses (direction 12) are assumed to be equal in each sub-slice of the slice, and the strains are combined using volume averaging. Likewise, all the average strains in each slice are assumed to be equal, and the stresses are combined using volume averaging. The out-of-plane normal strains (direction 3) are assumed to be uniform in each slice, and the volume average of the out-of-plane stresses in each sub-slice is assumed to be zero. The effective properties, stresses and strains for each slice are computed by applying these assumptions along with the constitutive equations for the fibre and matrix and solving the resulting series of equations. The equivalent stresses, strains and properties for the unit cell can then be computed by applying laminate theory to each slice. The advantage of this type of modelling approach over other micromechanics methods is that the behaviour of each slice is decoupled, and the response of each slice can be determined independently. This process results in a series of small matrix equations, instead of one large system of equations, which reduces the complexity of the analysis significantly and increases the computational efficiency. For elastic materials, the property of transverse isotropy of the material could be maintained by using a combination of horizontal and vertical slices and the concept of superposition 10 . However, for the nonlinear materials used in this study, superposition cannot be applied, and due to the fact that only horizontal slicing is used, the inherent transverse isotropy of the composite unit cell is lost. Similarly, the assumption of circular cross-sectioned fibres is replaced by the assumption that it is composed of a set of rectangular cross-sections. Each rectangular cross-section, though, has the same area as the equivalent curvilinear cross-section.
III. Results and Discussion
Numerical results are presented for progressive damage of a simply-supported and cantilever cross-ply ( +0/ +90/ +0) and angle-ply, ( +30/ -60/ +30), ( +45/ -45/ +45), plates subjected to a uniform load. The laminate geometry and the finite element mesh used are shown in Fig. 5 (a = 0.25m, b = 0.25m). The thickness of each ply is 0.0006667m, giving a total laminate thickness of h = 0.002m and a length to thickness ration of a/h = 125. The material used in the current study is IM7/977-2 graphite/epoxy. The constituent properties of IM7 carbon fibres and 977-2 epoxy are given in Table 1 . Using these values for constituent properties and a fibre volume fraction of 40 percent, effective composite properties were calculated using the micromechanical model.
Figures 6 through 9 illustrate the displacement response of the structural model for various stacking sequences and boundary conditions using geometrically nonlinear analysis. Displacement predictions using the unified damage model are presented and compared with the predictions of the macro-/micro-model without damage. In each figure, it may be seen that the micromechanics-based mechanistic model underpredicts the displacement compared to the damage model. It can be seen that damage effects become dominant after a short time in each instance. The difference is indiscernible only in the case of the cantilever cross-ply ( +0/ +90/ +0) (Fig. 9 ). This may be attributed to the fact that stresses and strains are localized at the fixed end and damage is restricted to that zone. This localized damage (Figs. 19 -21 ) may coalesce into an extended cluster and affect the displacement response over time. Also, based on the assumption that a non-rigid motion can be factorized into a rigid motion and a blend-shape (non-rigid) motion component, it can be established that for the cantilever boundary condition the rigid body motion component of the maximum displacement is greater than the deformation component which in turn leads to less damage.
Close inspection of the damage distribution (in the matrix) contours in Figs. 10 -18 reveals a pronounced distinction in the damage growth rate and patterns between the stiff cross-ply laminate and the relatively more flexible angle-ply laminates, the edges being simply-supported in both cases. The pliable angle-ply laminates will deform with less damage compared to the stiffer cross-ply laminate over the same period of time, all other conditions being equal. This ability to deform readily retards damage in the angle-ply laminates. Additionally, the damage distribution is concentrated in the top ply in the cross-ply laminate suggesting that when it is stressed, a major portion of the load is borne by the top 0 o ply. On the other hand, in the angle-ply laminates, the damage is distributed more evenly across the thickness.
IV. Conclusion
A micromechanics-based progressive damage model for laminated fibre-reinforced composite structures has been developed and implemented. The model combines a finite element model for laminate analysis and a unified Drucker-Prager-type plasticity solution for determining micromechanical stress distributions, effective composite properties, and an estimate of the extent of damage within the matrix phase of the composite. This mechanistic approach to damage analysis has many advantages over phenomenological models, including the determination of a means by which consistent reduction of effective composite properties can be calculated for damage analysis.
Numerical results were presented for progressive damage in 3-layer cross-ply and angle-ply cantilever plates subjected to a uniform load. 
